Denote by nA the sum of n copies of a Boolean algebra A. We prove that, for any countable Boolean algebra A, nA at mA with m > n implies nA a
For Boolean algebras A, B, let us write A < B iff B » A X C for some C. Definition. A Boolean algebra A is called weakly pseudoindecomposable with respect to a Boolean algebra A' if A » B X C implies either A' < B or A' < C.
A is called weakly pseudoindecomposable if it is weakly pseudoindecomposable with respect to itself. (a) Let X be the Stone space of A. Since A is weakly pseudoindecomposable, X fulfils the following. If X = Z, + Z2, then X is homeomorphic to a clopen subset of either Z,or Z2 (where clopen is an abbreviation for closed-and-open). Let a Boolean algebra B with A < B and B < A be given; let y be its Stone space. Then X is homeomorphic to a clopen subset of Y and T is homeomorphic to a clopen subset of X.
We have to prove that X and Y are homeomorphic.
(b) We construct a decreasing sequencê
of clopen subsets of Xx = X and homeomorphisms g, of X¡ onto A^, such that (i) each A, is homeomorphic to X, each Y¡ is homeomorphic to Y, Put Xx = X, choose a clopen Yx c A', homeomorphic to Y and a clopen Z, c Yx homeomorphic to X (this is possible by (2)). By (1), there exists a clopen X2 c Z" homeomorphic to X, such that either X2 c .B, or X2 c Z,\5,.
Choose a homeomorphism g, of A", into X2. Now, we proceed by induction. If X¡, i = 1, 2, . . . , n, and 1}, gp j = 1, 2, . . . , n -1, are already defined, put Yn = gn_,(y"_1), find a clopen Z" c K" homeomorphic to X and a clopen Xn+X c Z" homeomorphic to X such that either Xn+, c fi" or A" +, c Zn~^Bn. Finally, choose a homeomorphism g" of A"" onto A*B+1. The conditions (i) and (ii) follow immediately from the construction; (iii) is implied by the fact that 93 is a base of X.
Remark. By Theorem 1, weakly pseudoindecomposable countable Boolean algebras are pseudoindecomposable in the sense of [3]: A s5x
C implies either A ss B or A » C. The assumption that A is countable cannot be replaced by the weaker condition that A contains a countable dense subset. An example of a weakly pseudoindecomposable Boolean algebra with a countable dense subset, which is not pseudoindecomposable (and which fails to have the Schroder-Bernstein property) is the algebra H X 2, where H is the Hanfs algebra isomorphic to H X 2 X 2 but not to H X 2 (see [2] 
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use self to the algebras A, which are not a product of a nontrivial atomistic algebra with the nontrivial atomless algebra F. Let us call them essential, for shortness. Thus, if A is essential and A « B X F, then A sz B. Clearly, if A is essential, then A + ■ ■ ■ +A is also essential. Theorem 2. Let A be a countable Boolean algebra. If A is essential, then A + A is weakly pseudoindecomposable with respect to A.
Note. The converse is also true: if A is not essential, then A + A is not weakly pseudoindecomposable with respect to A.
Proof. We prove the dual form of the theorem. Let X be the Stone space of A. Then X X X is the Stone space of A + A. Since A is essential,
where S denotes the set of all isolated points of X and S is the closure of S. Let X X X = V + IF. We have to prove that X is homeomorphic to a clopen subset of either V or W. Since Z is open, it contains an element s of S. Since L(j) is closed, it contains S. Since L(s) is a clopen set containing S, it is homeomorphic to X by (4) . Let X be a homeomorphism of X onto L(s). Since j is isolated in X, {s} X L(s) is clopen in A' X A-. It is contained in W and /: X -» X XX, sending x to (s, X(x)), maps Ar onto it.
(ß) Let us suppose that Z does not intersect S. For every s G S put F(í) = Z(j)\Z.
Then F"(j) is a clopen subset of X and DjesF(i) = 0. Since X is compact, there exists a finite set {i" . . ., sk} c S such that f~l*_iF(^) = 0. Define e: Ar\Z -» X X A1 by e(x) = (x, sx) for x G (A'\Z)\ Y(sx), e(x) = (x, s( + 1) for x e (nj_iF(s,.))\y(í(+I), i «■ 1,..., k -1. Then e is a homeomorphism of X\Z onto a clopen subset of A" X A" and e(X\Z) c F. Since Z is a clopen subset of X and Z n S = 0, A"\Z is homeomorphic to X by (4).
Corollary.
Let A be a countable essential Boolean algebra with A + A < A. Then A is pseudoindecomposable.
Let us notice that if either A + (A X B) » A or A + A + B st A for some B, then A + A < A.
6. For a Boolean algebra A, and a natural number n, let us denote by nA the sum of n copies of A.
Theorem 3. Let A be a countable Boolean algebra such that nA at mA where n < m. Then nA = (n + I)A.
Proof. Let nA at (« + k)A with k > 1. We have to prove that nA at (n + l)A. We may suppose that A is not atomless and that it is essential. We have (n + l)A < (n + k)A « nA and, clearly, nA < (n + l)A. Consequently, it is sufficient to prove that nA has the Schroder-Bernstein property. By Theorem 1, it is sufficient to prove that nA is pseudoindecomposable. By §5, it is sufficient to prove that nA + nA < nA. Since nA at (n + k)A at nA + kA with k > 1, we have nA at (n + pk)A for all natural numbers p. Choose p such that n + pk > 2n. Then nA + nA at 2nA < (n + pk)A at nA. 7. Remark. The conclusion of Theorem 3 is probably optimal. An example is given by R. S. Pierce [5] of a countable Boolean algebra A satisfying A at 2A at 3A and, as the referee announced to the author, there is an unpublished example of a countable A such that A at 2A ai 3A at 4A, described by R. S. Pierce at the Summer AMS meeting in 1977.
Open problem. Which cardinal number is the smallest cardinality of a Boolean algebra A isomorphic to A + A + A but not to A + AI

